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Abstract
In this paper we obtain the entropy of the Kerr black hole for a number of modified theories
of gravity. We show that as long as the deviation from Einstein Hilbert term consists purely
of terms involving scalar curvature and Ricci tensor, the entropy is solely given by the area
law. However, the area law will be modified by appropriate corrections when we consider terms
involving Riemann tensor explicitly.
1 Introduction
It is well established that the black holes behave as thermodynamical systems [1]. The first realisation
of this fact was made by Hawking, [2]. It is discovered that quantum processes make black holes
to emit a thermal flux of particles. As a result, it is possible for a black hole to be in thermal
equilibrium with other systems. We shall recall the thermodynamical laws that govern black holes:
The zeroth law states that the horizon of stationary black holes have a constant surface gravity. The
first law states that when stationary black holes are being perturbed the change in energy is related
to the change of area, angular momentum and the electric charge associated to the black hole. The
second law states that, upon satisfying the null energy condition the surface area of the black hole
can never decrease. This is the law that was realised by Hawking as the area theorem and showed
that black holes radiate. Finally, the third law states that the black hole can not have vanishing
surface gravity.
The second law of the black holes’ thermodynamics requires an entropy for black holes. It was
Hawking and Bekenstein, [3], who conjectured that black holes’ entropy is proportional to the area
of its event horizon divided by Planck length. Perhaps, this can be seen as one of the most striking
conjectures in modern physics. Indeed, through Bekenstein bound, [4], one can see that the black
hole entropy, as described by the area law, is the maximal entropy that can be achieved and this
was the main hint that led to the holographic principle, [5].
The black hole entropy can be obtained through number of ways. For instance, Wald [6] has
shown that the entropy for a spherically symmetric and stationary black hole can be obtained
by calculating the No¨ether charge. Equivalently, one can obtain the change in mass and angular
momentum by using the Komar formula and subsequently use the definition of the first law of
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the black holes’ thermodynamics to obtain the entropy. Normally, obtaining the entropy for non-
rotating black holes is very straightforward. In this case, one uses the Schwarzschild metric and
follow the Wald’s approach to calculate the entropy. Also for rotating black holes that are described
by Kerr metric one can simply use the Komar integrals to find the mass and angular momentum and
finally obtain the entropy. However, when we deviate from Einstein’s theory of general relativity
obtaining the conserved charge and hence the entropy can be challenging. See these [14, 15, 16, 17]
for advancement in finding the conserved charges.
The Einstein’s theory of general relativity had been very successful in predicting the natural
phenomena. However, the theory is sick and is not sufficient to explain many of the fundamental
problems. Physicists in the past decades attempted to resolve these problems by modifying the
theory of general relativity. For instance, f(R) gravity [9] is a generalisation of Einstein-Hilbert
action. The most famous type of f(R) gravity was introduced by Starobinsky, [10], to explain
inflation. There are many other modified theories of gravity that attempt to solve the gravitational
problems. For partial list of these theories see [18]. As various theories of gravity are advancing, it is
essential to study different physical aspects of these theories and perhaps examine their viability. So
far, many calculations have been done to obtain the entropy of black holes for modified gravitational
theories (e.g. [19, 20]). However, in most cases simple solutions were studied, namely those black
holes that are described by diagonal metrics, such as Schwarzschild, (A)dS, and etc. This is due to
the fact that more complicated metric solutions, such as full Kerr metric, contain off-diagonal terms
that make the calculations very challenging.
In this paper, we are going to briefly review the notion of No¨ether and Komar currents in
variational relativity. We show how the two are identical and then we move to calculate the entropy
of Kerr black holes for a number of examples, namely f(R) gravity, f(R,Rµν) theories where the
action can contain higher order curvatures up to Ricci tensor and finally higher derivative gravity.
The entropy in each case is obtained by calculating the modified Komar integrals.
2 Variational principle, No¨ether and Komar currents
Variational principle is a powerful tool in physics. Most of the laws in physics are derived by using
this rather simple and straightforward method. Given a gravitational Lagrangian, L , we can obtain
the equations of motion by simply varying the action with respect to the inverse metric, gµν . In
short form, this can be done by defining two covariant momenta:
piµν =
δL
δgµν
, Pµν =
δL
δRµν
, (2.1)
and thus the variation of the Lagrangian would be given by [7]:
δL = piµνδgµν + PµνδRµν . (2.2)
It is simple to see that in the example of Einstein Hilbert (EH) action, the first term admits the
equations of motion (i.e. piµν = 0) and the second term will be the boundary term. Since we
are considering gravitational theories, the general covariance must be preserved at all time. In
other words, the Lagrangian, L, is covariant with respect to the action under diffeomorphisms of
space-time. Infinitesimally, the variation can be expressed as:
δξL = d(iξL) = piµν£ξg
µν + Pµν£ξRµν , (2.3)
where δξ denotes an infinitesimal variation of the gravitational action, d is the exterior derivative,
iξ is interior derivative of forms along vector field ξ and £ξ is the Lie derivative with respect to the
vector field. By expanding the Lie derivative of the Ricci tensor, and noting that:
δξgαβ = £ξgαβ = ∇αξβ +∇βξα, (2.4)
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the No¨ther conserved current can be obtained. The way this can be done for the EH action is
demonstrated in Appendix A as an example. Furthermore, the conserved No¨ether current associated
to the general covariance of the Einstein- Hilbert action is identical to the generalised Komar current.
This can be seen explicitly in Appendix B. In general, we define the Komar current1as [7]:
U = ∇αξ[µP ν]αdsµν , (2.5)
where dsµν denotes the surface elements for a given background and is the standard basis for n− 2-
forms over the manifold M (n = dim(M)).
3 Thermodynamics of Kerr black hole
A solution to the Einstein field equations describing rotating black holes was discovered by Roy Kerr.
This is a solution that only describes a rotating black hole without charge. Indeed, there is a solution
for charged black holes (i.e. satisfies Einstein-Maxwell equations) known as Kerr-Newman. Kerr
metric can be written in number of ways and in this paper we are going to use the Boyer-Lindquist
coordinate. The metric is given by [8]
ds2 = −(1− 2Mr
ρ2
)dt2 − 4Mar sin
2 θ
ρ2
dtdφ+
Σ
ρ2
sin2 θdφ2 +
ρ2
∆
dr2 + ρ2dθ2, (3.1)
where,
ρ2 = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2, Σ = (r2 + a2)2 − a2∆sin2 θ. (3.2)
The metric is singular at ρ2 = 0. This singularity is real2 and can be checked via Kretschmann
scalar3 4. The above metric has two horizons r± = m ±
√
m2 − a2. Furthermore, a2 ≤ m2 is a
length scale. Let us define the vector:
ξα = tα +Ωφα. (3.3)
This vector is null at the event horizon. It is tangent to the horizon’s null generators, which wrap
around the horizon with angular velocity Ω. Vector ξα is a Killing vector since it is equal to sum of
two Killing vectors. After all, the event horizon of the Kerr metric is a Killing horizon. Using Eqs.
(2.5) and (3.3) we can define Komar integrals describing the energy and the angular momentum of
the Kerr black hole as,
E = − 1
8pi
lim
St→∞
∮
St
∇λPαλξβ(t)dsαβ , (3.4)
J = 1
16pi
lim
St→∞
∮
St
∇λPαλξβ(φ)dsαβ , (3.5)
where the integral is over St, which is a closed two-surfaces
5. This is because the equilibrium state
version of the first law of black holes is a balance sheet of energy between two stationary black holes.
We shall note that St is an n − 2 surface. In above definitions ξβ(t) is the space-time’s time-like
Killing vector and ξβ(φ) is the rotational Killing vector and they both satisfy the Killing’s equation,
1As a check it can be seen that for EH action we have,
PαβEH =
√−ggαβ , UEH =
√−g∇αξ[µgν]αdsµν
which is exactly the same as what we obtain in Eq. (A.6).
2This is different than the singularity at ∆ = 0 which is a coordinate singularity.
3The Kretschmann scalar for Kerr metric is given by: RαβγδRαβγδ =
48M2(r2−a2 cos2 θ)(ρ4−16a2r2 cos2 θ)
ρ12
.
4We shall note that scalar curvature, R, and Ricci tensor, Rµν are vanishing for the Kerr metric and only some
components of the Riemann curvature are non-vanishing.
5Note that we can write limSt→∞
∮
St
as simply
∮
H
where H is a two dimensional cross section of the event horizon.
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ξα;β + ξβ;α = 0. Moreover, the sign difference in two definition has its root in the signature of the
metric. In this paper we are using (−,+,+,+) signature. The surface element is also given by,
dsαβ = −2n[αrβ]
√
σdθdφ, (3.6)
where nα and rα are the time-like (i.e. nαn
α = −1) and space-like (i.e. rαrα = 1) normals to St.
For Kerr metric in Eq. (3.1) the normal vectors are defined as:
nα = (− 1√−gtt , 0, 0, 0) = (−
√
ρ2∆
Σ
, 0, 0, 0), (3.7)
rβ = (0,
1√
grr
, 0, 0) = (0,
√
ρ2
∆
, 0, 0). (3.8)
Furthermore, the two dimensional cross section of the event horizon described by t =constant and
also r = r+ (i.e. constant), hence, from metric in Eq. (3.1) we can extract the induced metric as:
σABdθ
AdθB = ρ2dθ2 +
Σ
ρ2
sin2 θdφ2. (3.9)
Thus we can write, √
σ =
√
Σ sin θdθdφ. (3.10)
First law of black hole thermodynamics states that when a stationary black hole at manifoldM
is perturbed slightly toM+ δM, the difference in the energy, E , angular momentum, Ja, and area,
A, of the black hole are related by:
δE = ΩaδJa + κ
8pi
δA = ΩaδJa + κ
2pi
δS, (3.11)
where Ωa are the angular velocities at the horizon. We shall note that S is the associated entropy.
κ denotes the surface gravity of the Killing horizon and for the metric given in Eq. (3.1) the surface
gravity is given by
κ =
√
m2 − a2
2mr+
. (3.12)
The surface area [8] of the black hole is given by6:
A =
∮
H
√
σd2θ, (3.13)
where d2θ = dθdφ. Now by using Eq. (3.10), the surface area can be obtained as,
A =
∮
H
√
σd2θ =
∫ pi
0
sin(θ)dθ
∫ 2pi
0
dφ(r2+ + a
2) = 4pi(r2+ + a
2). (3.14)
4 Modified gravity
Modified theories of gravity were proposed as an attempt to describe some of the phenomena that
Einstein’s theory of general relativity can not address. Examples of these phenomena can vary from
explaining the singularity to the dark energy. In this section, we obtain the entropy of the Kerr
black hole for number of these theories.
6We shall note that S = A/4 (with G = 1) denotes the Bekenstein-Hawking entropy.
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4.1 Einstein-Hilbert action
As a warm up exercise let us start the calculation for the most well knows case, where the action is
given by:
SEH =
∫
d4x
√−gR, (4.1)
for this case, as shown in footnote 1, the Komar integrals can be found explicitly as [7],
E = − 1
8pi
∮
H
∇αtβdsαβ
= − 1
8pi
∫ 2pi
0
dφ
∫ pi
0
dθ(
1
2
sin(θ)
(
a2 cos(2θ) + a2 + 2r2
) 8m (a2 + r2) (a2 cos(2θ) + a2 − 2r2)
(a2 cos(2θ) + a2 + 2r2)3
)
= m. (4.2)
We took ξα = tα, where tα = ∂x
α
∂t
; xα are the space-time coordinates. So, for instance, gµνξ
µξν =
gµνt
µtν = gtt, that is after the contraction of the metric with two Killing vectors, one is left with
the tt component of the metric. In similar manner, we can calculate the angular momentum as,
J = 1
16pi
∮
H
∇αφβdsαβ
=
1
16pi
∫ 2pi
0
dφ
∫ pi
0
dθ(
1
2
sin(θ)
(
a2 cos(2θ) + a2 + 2r2
)
× −8am sin
2(θ)
(
a4 − 3a2r2 + a2(a− r)(a + r) cos(2θ)− 6r4)
(a2 cos(2θ) + a2 + 2r2)
3
)
= ma. (4.3)
Now given Eq. (3.11), we have,
κ
2pi
δS = δE − ΩaδJa = (1 − Ωa)δm− Ωmδa. (4.4)
By recalling the surface gravity from Eq. (3.12) we have,
S = 2pimr+. (4.5)
which is a well known result.
4.2 f(R) theories of gravity
There are numerous ways to modify the Einstein theory of general relativity, one of which is going
to higher order curvatures. A class of theories which attracted attention in recent years is the f(R)
theory of gravity [9]. This type of theories can be seen as simply the series expansion of the scalar
curvature, R, and one of the very important features of them is that they can avoid Ostrogradski
instability [11]. The action of this gravitational theory is generally given by:
Sf(R) =
∫
d4x
√−gf(R), (4.6)
where f(R) is the function of scalar curvature and it can be of any order. In this case the Komar
potential can be obtained by,
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Pαβ
f(R) =
δL
δRαβ
=
δf(R)
δR
δR
δRαβ
= f ′(R)
√−ggαβ , (4.7)
and thus:
Uf(R) = f ′(R)
√−g∇αξ[µgν]αdsµν . (4.8)
This results in modification of the energy and angular momentum as,
Ef(R) = −
1
8pi
∮
H
f ′(R)∇αtβdsαβ = f ′(R)m, (4.9)
and
Jf(R) =
1
16pi
∮
H
f ′(R)∇αφβdsαβ = f ′(R)ma. (4.10)
We know that the f(R) theory of gravity is essentially the power expansion in the scalar curvature,
f(R) = R+R2 +R3 + · · ·+Rn, (4.11)
and thus,
f ′(R) = 1 + 2R + 3R2 + · · ·+ nRn−1. (4.12)
As a result, the entropy of f(R) theory of gravity is given only by the Einstein Hilbert contribution,
Sf(R) = SEH = 2pimr+. (4.13)
This is due to fact that the scalar curvature, R, is vanishing for the Kerr metric given in Eq. (3.1)
and so only the leading term in Eq. (4.12) will be accountable.
4.3 f(R,Rµν)
After considering the f(R) theories of gravity, it is natural to think about the more general form
of gravitational modification. In this case: f(R,Rµν), the action would contain terms like RµνR
µν ,
RµαR να Rνµ and so on. Let us take a specific example of,
SRµν =
∫
d4x
√−g(R + λ1RµνRµν + λ2RµλR νλ Rνµ), (4.14)
where λ1 and λ2 are coefficients of appropriate dimension (i.e. mass dimension L
2 and L4 respectively
where L denotes length). The momenta would then be obtained as,
PαβRµν =
∂L
∂Rαβ
=
√−g(gαβ + 2λ1Rαβ + 3λ2RβλRαλ). (4.15)
As before, the only contribution comes from the EH term since the Ricci tensor is vanishing for the
Kerr metric given in Eq. (3.1). So, without proceeding further, we can conclude that in this case
the entropy is given by the area law only and with no correction.
4.4 Higher derivative gravity
Another class of modified theories of gravity are the higher derivative theories. We shall denote
the action by S(g,R,∇R,∇Rµν , · · · ). In this class, there are covariant derivatives acting on the
curvatures. Moreover, there are theories that contain inverse derivatives acting on the curvatures
[21]. These are known as non-local theories of gravity and we do not wish to consider them in this
paper.
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A well established class of higher derivative theory of gravity is given by [12] where the ac-
tion contains infinite derivatives acting on the curvatures. It has been shown that having infinite
derivatives can cure the singularity problem [13]. This is achieved by replacing the singularity with
a bounce. Moreover, this class of theory preserves the ghost freedom. This is of a very special
importance, since in other classes of modified gravity, deviating from the EH term and going to
higher order curvature terms means one will have to face the ghost states. Having infinite number
of derivatives makes it extremely difficult to find a metric solution which satisfies the equations of
motion. Moreover, infinite derivative theory is associated with singularity freedom and Kerr metric
is a singular one. As a result, in this paper we wish to consider a finite derivative example as a
matter of illustration, let us define the Lagrangian of the form:
LHD =
√−g
[
R +
m1∑
n=1
R¯nR+
m2∑
n=1
Rµν¯
nRµν
]
, (4.16)
where  = gµν∇µ∇ν is d’Alembertian operator and ¯ = /M2 to ensure the correct dimensionality.
We also note that m1 and m2 are some finite number. In this case, we have the Lagrange momenta
as,
PαβHD =
∂L
∂Rαβ
=
√−g
[
gαβ + 2gαβ
m1∑
n=1
¯
nR+ 2
m2∑
n=1
¯
nRαβ
]
. (4.17)
As mentioned previously for the Kerr metric: R = Rαβ = 0, this is to conclude that the only non-
vanishing term which will contribute to the entropy will be the first term, in the above equation,
which corresponds to the EH term in the action given in Eq. (4.16).
5 Conclusion
In this paper we proposed how to calculate the entropy for the Kerr background in various examples.
It has been shown that deviating from the EH gravity up to Ricci tensor will have no effect in the
amount of entropy, and the entropy is given solely by the area law. This is because the scalar
curvature and Ricci tensor are vanishing for the Kerr metric given in Eq. (3.1).
However, if the action contains Riemann tensors (such as RαβγδR
αβγδ, RαβγδR
αβγδ, and other
possible combinations of Riemann tensor) then there will be a modification to the entropy. Calculat-
ing the conserved charge and thus the entropy on the Kerr background for those theories containing
Riemann tensor is a hard task. This is due to the fact that the Kerr metric as given in Eq. (3.1)
contains many non-vanishing Riemann tensor components and thus we shall leave those cases for
future studies. Moreover, the methodology to obtain the entropy where we have Riemann tensor is
slightly different [14].
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A Conserved current for Einstein-Hilbert gravity
Given the EH action to be of the form,
SEH =
∫
d4x
√−gR. (A.1)
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we can imply the variation principle infinitesimally by writing,
δξSEH =
∫
d4xδξ(
√
gR) =
∫
d4x
√
g
(
Gµνδξg
µν + gµνδξ(Rµν)
)
=
∫
d4x
√
g∇α(ξαR) = 0 (A.2)
where Gµν is the Einstein tensor and given by Gµν = Rµν− 12gµνR. The term involving the Einstein
tensor can be expanded further as,
Gµνδξg
µν = Gµν(∇µξν +∇νξµ) = 2Gµν∇µξν = ∇µ(−2Rµν + δµνR)ξν (A.3)
where we used Eq. (2.4) and performed integration by parts. Then we move on to the next term
and expand it as,
gµνδξRµν = (∇µ∇ν − gµν)δξgµν = ∇λ
(
(gλαgνβ − gλνgαβ)∇ν(∇αξβ +∇βξα)
)
(A.4)
by substituting Eq’s. (A.3) and (A.4) into (A.2) we obtain,
δξSEH =
∫
d4x
√−g∇µ
(
− 2Rµν ξν + (gµαgνβ − gµνgαβ)∇ν(∇αξβ +∇βξα)
)
= 0 (A.5)
and hence for any vector field ξµ one obtains the conserved No¨ether current,
Jµ(ξ) = Rµν ξ
ν +
1
2
(gµαgνβ − gµνgαβ)∇ν(∇αξβ +∇βξα) ≡ ∇ν(∇[µξν]) (A.6)
B Generalised Komar current
It can be shown that the No¨ether current that was obtained in Eq. (A.6) is identical to generalised
Komar current via
Jµ(ξ) =
1
2
∇ν(∇µξν −∇νξµ) = ∇ν∇µξν − 1
2
∇ν(∇νξµ +∇µξν)
= [∇ν ,∇µ]ξν +∇µ(∇νξν)− 1
2
∇ν(∇νξµ +∇µξν)
= Rµν ξ
ν +
1
2
(gµαgνβ − gµνgαβ)∇ν(∇αξβ +∇νξβ) (B.1)
where we used: [∇ν ,∇µ]ξν = Rµλµνξλ = Rλνξλ.
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